Abstract. In [Girstmair, A criterion for the equality of Dedekind sums mod Z, Internat. J. Number Theory 10: (2014) [565][566][567][568], it was shown that the necessary condition b | (a 1 a 2 − 1)(a 1 − a 2 ) for equality of two dedekind sums s(a 1 , b) and s(a 2 , b) given in [Jabuka, Robins and Wang, When are two Dedekind sums equal? Internat. J. Number Theory 7: (2011) 2197-2202] is equivalent to 12s(a 1 , b) − 12s(a 2 , b) ∈ Z. In this note, we give a new proof of this result and then find two additional necessary and sufficient conditions for 12s(a 1 , b) − 12s(a 2 , b) ∈ 2Z, 4Z. These give new necessary conditions on equality of Dedekind sums.
In [JRW11] , Jabuka et al. raise the question of when two Dedekind sums s(a 1 , b) and s(a 2 , b) are equal. In the same paper, they prove the necessary condition b | (a 1 a 2 − 1)(a 1 − a 2 ) for equality of two dedekind sums s(a 1 , b) and s(a 2 , b). Girstmair [Gir14] shows that this condition is equivalent to 12s(a 1 , b) − 12s(a 2 , b) ∈ Z. In this note, we give a new proof of this result and then find two additional necessary and sufficient conditions for 12s(a 1 , b) − 12s(a 2 , b) ∈ 2Z, 4Z. These give new necessary conditions on equality of Dedekind sums.
Preliminaries
⌋ be the function taking x ∈ Z/bZ to its smallest nonnegative representative. We view π (a,b) as a permutation of {0, 1, . . . , b − 1} given by
The precedent for doing so is already present in the work of Zolotarev, in which he relates the sign of π The following result shows that the inversions of π (a,b) and Dedekind sums are closely related.
where s(a, b) is the Dedekind sum.
From the reciprocity law of dedekind sums, one obtains a reciprocity law for inversions.
Necessary Condition on Equality of Dedekind Sums
The equivalence of 1(b) and 1(c) of Theorem 2.1 is proved in [Gir14] via the Barkan-Hickerson-Knuth formula.
Theorem 2.1. Let a 1 , a 2 ∈ N be relatively prime to b ∈ N.
(1) The following are equivalent:
Proof. From Theorem 1.2, it is immediate that
This shows the equivalence of all (a)'s with corresponding (b)'s.
Suppose that m ∈ {b, 2b, 4b}. Reducing both sides of the equation in Theorem 1.3 mod m yields
.
. Multiplying the first congruence by a 2 , the second by a 1 , and subtracting, we obtain
The equivalence of (a)'s and (c)'s follows from (2) and gcd(a 1 , b) = gcd(a 2 , b) = 1. ✷ Example 2.2. We consider the example with a 1 = 37, a 2 = 33 and b = 40 given in [JRW11] . Since
we have 12s(a 1 , b) − 12s(a 2 , b) ∈ Z. We also see that Proof. If e = 0, then b is prime and the result clearly holds. Assume then that e ≥ 1. We will employ the fact that since a 1 is odd and e ≤ 3, a
There are two cases to consider: when p | (a 1 − a 2 ) and when p | (a 1 a 2 − 1). Consider the first case. Write a 1 = a 2 + pk. Let k = 2 m k ′ with k ′ odd. We also a 2 2 − 1 = 2 e j for j odd. Then 2 e+2 | 2 m k ′ (2 e p + 2 e j + 2 m a 2 pk).
Consequently, e + 2 ≤ m + min{e, m}. The assumption that e ≤ 3 implies that m ≥ e. 
